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We investigate the phenomenon of polarization attraction in a highly birefringent fiber. This polarization process
originates from the nonlinear interaction of two counter-propagating beams. We show that all polarization states of
the forward (signal) beam are attracted toward a specific line of polarization states on the surface of the Poincaré
sphere, whose characteristics are determined by the polarization state of the injected backward (pump) beam. This
phenomenon of polarization attraction takes place without any loss of energy for the signal beam. The stability of
different stationary solutions is also discussed through intensive numerical simulations. On the basis of mathematical techniques recently developed for the study of Hamiltonian singularities, we provide a detailed description of this spontaneous polarization process. In several particular cases of interest, the equation of the line of
polarization attraction on the Poincaré sphere can be obtained in explicit analytical form. © 2014 Optical Society
of America
OCIS codes: (190.4370) Nonlinear optics, fibers; (060.4370) Nonlinear optics, fibers; (190.0190) Nonlinear
optics.
http://dx.doi.org/10.1364/JOSAB.31.000572

1. INTRODUCTION
Since the pioneering work by Heebner et al. in 2000, who proposed a “universal polarizer” performing polarization of unpolarized light with 100% efficiency [1], the possibility of
achieving spontaneous polarization of unpolarized light in a
nonlinear Kerr medium has been the subject of growing interest, with important applications in optical fiber telecommunications. Contrarily to conventional polarizers, which are
known to waste 50% of unpolarized light, Heebner et al.
(2000) proposed a “universal polarizer” performing polarization of unpolarized light with 100% efficiency [1]. This
phenomenon has been called “polarization attraction,” in
the sense that all input polarization configurations are transformed into a well-defined polarization state. This effect of
spontaneous polarization has been subsequently demonstrated in the framework of a counter-propagating configuration of the four-wave interaction in optical fiber systems [2].
This repolarization effect was unexpected because the
nonlinear Kerr effect was known to lead to depolarization
processes, as has been discussed in different works [3–5].
Following the observation [2], phenomena of polarization attraction, or pulling have been studied in optical fiber systems
in several configurations, e.g., involving the Raman effect
[6–14], or Brillouin backscattering [15]. We note that, in this
respect, beyond its natural importance in potential applications in optical fiber telecommunications, Raman-based
polarization pulling processes have been shown to exhibit unexpected phenomena of stochastic resonance and dynamic
localization, which have been reported in [9] in relation to fundamental problems of activated escape from metastable states
in periodically forced systems [16].
On the other hand, polarization attraction through the
conservative backward four-wave interaction has been the
0740-3224/14/030572-09$15.00/0

subject of growing interest, from both the theoretical [17–24]
and experimental [2,25–28] points of view. It is important to
underline that the phenomenon of polarization attraction has
been shown to exhibit different properties, which depend on
the experimental configuration [29,30], and on the type of optical fiber used, e.g., isotropic fibers [2,18,19,25], highly birefringent (HB) spun fibers [22,31], as well as randomly birefringent
fibers used in optical telecommunications [21,22,26]. Along this
line, it has been shown that polarization attraction can even occur in the absence of any injected backward beam—the signal
beam interacts with its own counter-propagating replica, which
is produced by means of a back-reflection Bragg-mirror at the
fiber output [29,30]. From a different perspective, the possibility
of achieving polarization attraction has been also discussed in
the copropagating configuration in the case of a large groupvelocity difference between the two beams [32,33].
Most of the theoretical works developed to describe this phenomenon of polarization attraction have been focused on intensive numerical simulations of the spatio-temporal dynamics
and on the derivation of the equations governing the evolutions
of the counter-propagating beams in different types of optical
fiber systems. On the other hand, a theoretical description of
the properties of polarization attraction has been obtained using mathematical techniques recently developed for the study
of Hamiltonian singularities [34,35]. In particular, this geometrical approach revealed the essential role played in the process
of polarization attraction by the peculiar topological properties
of singular tori. We refer the reader to Ref. [36] for a recent review devoted to the applicability of singular reduction theory to
the problem of polarization attraction.
The aim of this paper is to extend these works by showing
that the phenomenon of polarization attraction also occurs in
a HB optical fiber. We show that HB optical fibers exhibit a
© 2014 Optical Society of America
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polarization attraction whose properties differ from those
encountered in the conventional phenomenon. In the usual
attraction process, the states of polarization (SOP) of the forward signal beam converge to a single (or several) SOP(s),
whereas in HB fibers all signal SOPs are attracted toward a
specific line of polarization states on the surface of the
Poincaré sphere. This process can be described through
the geometrical analysis of the stationary singular states of
the system. In certain cases, this allows us to derive an explicit
analytical expression of the line of polarization attraction on
the surface of the Poincaré sphere. Our theoretical results are
confirmed by extensive numerical simulations of the counterpropagating equations. This phenomenon of attraction on a
specific line of polarization states is similar to that described
in optical spun fibers [22], although the properties of this process were not analyzed in detail in previous works. Our analysis
reveals a novel feature: the spreading of signal SOPs on the
line of polarization attraction decreases in a substantial way
as the pump power or the fiber length are increased. We will
see that this property entails the possibility of achieving novel
forms of polarization processes. Moreover, the phenomenon
of polarization attraction on a specific line on the Poincaré
sphere has not yet been observed experimentally, presumably
because of the inherent specificity of spun optical fibers. By
showing the existence of lines of polarization attraction in the
framework of conventional HB fiber systems, we can expect
the experimental observation of this remarkable phenomenon
in a near future.
The paper is organized as follows. In Section 2, we introduce the partial differential system governing the dynamics
of the two counter-propagating waves in HB optical fibers.
These equations are formulated in terms of the Stokes parameters, which prove appropriate for the theoretical study.
Section 3 is devoted to the geometrical study of the stationary
system. In particular, we give the positions and the properties
of the different singular states of the system. In Section 4, in
relation to the theoretical study, we present a complete
numerical analysis of the process of polarization attraction
in a HB fiber for different configurations. Some conclusions
and discussions are presented in Section 5.

2. MODEL SYSTEM
We consider the counter-propagating interaction of two
beams in a conventional HB optical fiber. The equations governing the evolution of the amplitudes of the field envelopes
can be written in the following form:

∂t  vg ∂z E x
∂t  vg ∂z E y
∂t − vg ∂z E x
∂t − vg ∂z E y
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where the optical fields E x ; E y ; E z  and Ex ; Ey ; Ez  correspond, respectively, to the forward and backward beams.
The variable z denotes the spatial coordinate along the fiber,
γ is the nonlinear Kerr coefficient, and vg the group-velocity of
the waves in the optical fiber. Note that we can neglect the
group-velocity difference between the copropagating orthogonal polarization components E x and Ey (as well as E x and Ey ).
The introduction of the basis of circular polarization states:
u

E x  iE y
p ;
12

v

E x − iE y
p ;
12

u

E x  iE y
p ;
12

v

E x − iEy
p ;
12

allows us to write the governing equations into the following
form
∂t  vg ∂z u  iγ5juj2  6jvj2  6juj2  10jvj2 u
 iγ6v u  2u v  vu v
∂t  vg ∂z v  iγ5jvj2  6juj2  6jvj2  10juj2 v
 iγ6u v  2v u  uv u
∂t − vg ∂z u  iγ5juj2  6jvj2  6juj2  10jvj2 u
 iγ6v u  2u v  vu v
∂t − vg ∂z v  iγ5jvj2  6juj2  6jvj2  10juj2 v
 iγ6u v  2v u  uv u:

(2)

The Stokes vectors S⃗  S 1 ; S 2 ; S 3  and J⃗  J 1 ; J 2 ; J 3 , which
describe, respectively, the polarization states of the forward
and backward beams on the Poincaré sphere, are defined by
8
<S 1  iu v − uv 
S  u v  uv ;
: 2
S 3  juj2 − jvj2

8
<J 1  iu v − uv 
J  u v  uv :
: 2
J 3  juj2 − jvj2

The radii of the forward and backward Poincaré spheres,
S 0 and J 0 , refer to the signal and pump powers, S 0  E 2x 
E 2y ∕6 and J 0  E2x  E 2y ∕6, respectively. Plugging the
Stokes vectors into Eq. (2) gives
8
< ∂S⃗  ∂S⃗  S⃗ × I S
⃗  S⃗ × I i J
⃗
s
∂t
∂z
;
3
⃗
⃗  J⃗ × I i S
: ∂J⃗ − ∂J⃗  J⃗ × I s J
∂t
∂z
where the matrices I s  Diag0; 2; 0 and I i  Diag4; 8; −4
are diagonal. The symbol “×” denotes, here, the vector



2
2
2iγ
2
2
2
2
E E E 
 iγ jE x j  jEy j  2jEx j  jE y j E x 
3
3
3 y y x


2
2
2iγ
E E E 
 iγ jE y j2  jEx j2  2jEy j2  jE x j2 E y 
3
3
3 x x y


2
2
2iγ
2
2
2
2
 iγ jE x j  jEy j  2jEx j  jE y j E x 
E E E
3
3
3 y y x


2
2
2iγ
 iγ jE y j2  jEx j2  2jEy j2  jE x j2 E y 
E E E ;
3
3
3 x x y

(1)
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product. Note that, for convenience, the equations described
as Eq. (3) have been normalized with respect to the nonlinear
time τ0  1∕γJ 0  and length Λ  vg τ0 while the Stokes vectors have been normalized with respect to J 0 . The variables
can be recovered in real units through the transformation,
⃗ J
⃗ JJ
⃗ → S;
⃗ 0 . Accordingly, the dimensiont → tτ0 , z → zΛ, S;
less fiber length, say L, is measured in units of the nonlinear
length Λ—a variation of L by a factor α can be obtained in a
real experiment by varying either the fiber length or the pump
power by the same factor [see Ref. [18] for more details
regarding the scale invariance of Eq. (3)].

5

H

0

−5

−10

3. GEOMETRICAL ANALYSIS OF THE
STATIONARY SYSTEM

−2

0

1

2

K

As for the conventional polarization attraction, the numerical
simulations of Eq. (3) reveal that, in many cases, the spatiotemporal dynamics exhibit a relaxation process toward a stationary state. This aspect will be discussed through different
examples in Section 4. Hence, our approach is based on the
study of the singularities of the stationary Hamiltonian trajectories. In particular, it was shown in [17,19,22,36] that the stationary states selected by the spatio-temporal dynamics lie on
the surface of a singular torus, which can be viewed as a twodimensional extension of the concept of separatrix, wellknown for systems with one degree of freedom. The singular
torus thus plays the role of an attractor for the wave system
[17]. We refer the reader to Ref. [36] for a detailed presentation of the singular reduction theory employed to determine
the topological properties of the singular tori. This geometrical approach is only briefly explained here.
The starting point is the analysis of the properties of the
stationary solutions of the spatio-temporal Eq. (3). Dropping
the time derivatives, it is straightforward to show that this
system has a Hamiltonian structure defined by
H  −4S 1 J 1 − 8S 2 J 2  4S 3 J 3 − S 22 − J 22 ;

−1

Fig. 1. Energy momentum diagram, H versus K, of the stationary
system associated with Eq. (3) for identical powers of the counterpropagating beams, S 0  J 0  1. The singular states are plotted with
red and blue lines. The inside red line corresponds to a line of bitori,
the points of the blue line correspond to circles, and the red point on
the top of the diagram refers to a point in the original phase space (see
Ref. [36] for details concerning the definitions of singular tori and
singular states).

the family of singular tori. Specifically, a bitorus is topologically equivalent to two regular tori glued along a circle. Assuming S 0  J 0  1 and using the symmetries of the energy
momentum diagram, we can determine the equations of the
lines that characterize the diagram depicted in Fig. 1:
7
H  4 − K 2;
2

for the singular (red) line while the boundaries (blue) lines of
the diagram are defined by
p
H  6 − K 2  2 5K;

(4)

where the coordinate z plays, here, the role of time. This twodegree of freedom system, with Hamiltonian H, is Liouville
integrable because it admits another constant of motion
K  S 2  J 2 . Accordingly, the stationary system has the same
number of constants of motion as degrees of freedom and it is
called integrable [37]. As a consequence, the corresponding
phase-space is organized into tori characterized by different
values of H and K. A global overview of the Hamiltonian
dynamics is provided by the so-called energy–momentum diagram, which can be defined as the ensemble of all possible
values of H and K for some given fixed powers of the
counter-propagating beams.
The energy–momentum diagram is plotted in Fig. 1 for
identical powers of the beams S 0  J 0  1, and has been constructed using singular reduction theory, which can be
viewed, in simple terms, as a change of variables that exploits
the constant of the motion K to reduce the dimensionality of
the problem [36]. This approach provides the positions of the
singular states in the H; K-plane, and also determines the
topological structure of the corresponding singular tori. Here,
the singular states are represented by solid lines in Fig. 1.
In particular, we observe a line of bitori, which will play a
central role in the phenomenon of polarization attraction.
As discussed in [36], a bitorus is a particular example of

(5)

(6)

and
3
H  −4 − K 2 :
2

(7)

The presence of a line of singularities in the energy–
momentum diagram reveals the existence of the phenomenon
of polarization attraction toward a continuous line of polarization states. This point is in contrast with the example of the
isotropic optical fiber, whose diagram is characterized by an
isolated singularity, which in turn leads to polarization attraction toward an isolated (or a discrete set of) polarization state
(s) [19]. Notice that this aspect is completely analogous to the
spun optical fiber considered in [22].
The fundamental problem at this point consists in characterizing the properties of the line of polarization attraction on
the surface of the Poincaré sphere. The position and the shape
of the line of polarization attraction depend on the polarization state of the pump injected at the fiber output, i.e.,
⃗
Jz
 L. The analytical computation of this line proceeds
⃗
as follows. Let us consider a given pump SOP, Jz
 L. Using
the relations S 21 L  S 22 L  S 23 L  1 and K  S 2  J 2 , we
deduce that the energy H, defined in Eq. (4), can be expressed
in terms of K and of S 1 L. For instance, starting from
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q
S 3 L   1 − S 1 L2 − S 2 L2

the length of the singular line in the energy–momentum diagram decreases as the power ratio R  jS 0 − J 0 j∕J 0 between
the beams increases, and it finally disappears for R > 2. As we
will see in Section 4.E, the numerical simulations confirm this
result by showing that the phenomenon of polarization attraction disappears for R > 2.

S 2 L  K − J 2 L;
we deduce that
H  −4S 1 LJ 1 L − 8K − J 2 LJ 2 L
q
 4J 3 L 1 − S 1 L2 − K − J 2 L2
− K − J 2 L2 − J 2 L2 :

4. NUMERICAL RESULTS
(8)

Now, considering Eq. (5) for the singular line, we can eliminate H, which allows us to determine S 1 L as a function of K
⃗
and JL:
7
4 − K 2  −4S 1 LJ 1 L − 8K − J 2 LJ 2 L
2
q
 4J 3 L 1 − S 1 L2 − K − J 2 L2
− K − J 2 L2 − J 2 L2 :

575

(9)

Following the same procedure, one can obtain an analytical
⃗
expression of S 2 L and S 3 L as a function of K and JL,
which thus defines the line of polarization attraction on the
surface of the signal Poincaré sphere. This approach will
be illustrated by several concrete examples in Section 4. In
particular, we observe that the line of the polarization attraction is generally a closed curve, whose position and orientation depend on the pump SOP.
Before discussing the numerical simulations, let us comment on the situation in which the counter-propagating beams
have different powers. In this case, the position of the singular
line in the energy-momentum diagram and, thus, the corresponding position of the line of polarization attraction can
only be determined numerically. The method is based on the
singular reduction approach in the framework of the HB fiber,
which is described briefly below (see [36] for more technical
details). We introduce the following functions depending on
⃗
S⃗ and J:

In this section, we illustrate the phenomenon of polarization
attraction on a line of polarization states through intensive
numerical simulations of the spatio-temporal Eq. (3). In all
simulations, we consider 64 different initial SOPs of the signal
⃗
Sz
 0, uniformly distributed over the Poincaré sphere
⃗
[black dots of Fig. 2(a)] while the SOP Jz
 L of the pump
is maintained fixed [green dot in Fig. 2(a)]. The input SOPs
⃗
⃗
JL
and S0
are constant in time and the output SOPs
⃗SL are the constant-in-time values reached by the output signal polarizations after a transient relaxation time. We analyze
different configurations characterized by specific polarization
⃗
states of the pump injected at the fiber en JL.
We begin with
the case where the pump and signal waves have the same
power, S 0  J 0  1. The case of different powers will be
discussed later.
p p p
⃗
A. Case JL
 1∕ 3;1∕ 3;1∕ 3
We start with an example of pump SOP, which is representative of the typical phenomenon of polarization attraction in a
⃗
HB optical fiber. Figure 2 represents the different outputs SL
for three different fiber lengths L  5, L  8, and L  20, as
well as the line of polarization attraction plotted from the analytic considerations discussed above, through Eq. (9). The results of the numerical simulations have been also reported in
the corresponding energy–momentum diagram in Fig. 3.
These results put in evidence the general behavior of the system; namely, that the efficiency of the process of polarization

π1  S2 − J 2
π2  J 3 S3 − J 1 S1
π3  S1 J 3  S3 J 1 ;
which satisfy the relation



1
1
π 23  π 22 − S 20 − K  π 1 2 J 20 − K − π 1 2  0:
4
4

(10)

The Hamiltonian H can be expressed in terms of these
functions:
3
5
H  4π 2  π 1 − K 2 :
2
2

(11)

For a fixed value of K, a state is singular if the two surfaces in
the π 1 ; π 2 ; π 3 -space, defined in Eqs. (10) and (11), intersect
each other with a multiplicity greater than one, e.g., if the two
surfaces are tangent. We refer the reader to Ref. [34] for a
complete mathematical discussion. The analysis of this general case can only be done numerically. It reveals that the line
of bitori still exists for different powers S 0 and J 0 . However,

Fig. 2. Numerical simulations of the spatio-temporal Eq. (3): input
⃗
(a) and output (b)–(d) signal SOPs SL
over the Poincaré sphere
for three different values of L: (b) L  5, (c) L  8, (d) L  20.
The blue line denotes thepsingular
 p line
pof polarization attraction.
⃗
The input pump JL
 1∕ 3; 1∕ 3; 1∕ 3 is fixed (green dot). Note
that the efficiency of the attraction process toward the singular line
increases as the normalized fiber length L increases. Also note that
the spreading of the signal SOPs on the line of polarization attraction
decreases as L increases.
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attraction increases with the normalized fiber length L. Indeed, the efficiency of the attraction of the signal SOPs toward
the line of polarization attraction predicted by the theory (blue
line) increases with the fiber length, L. At the same time, we
⃗
observe that the spreading of the signal SOPs SL
over all this
line of polarization attraction decreases as the normalized
length L increases. The same properties are observed for the
corresponding set of points in the H; K energy–momentum
diagram, as illustrated in Fig. 3. This corroborates the idea that
there exists a direct correspondence between the singular line
in the energy–momentum diagram and the line of polarization
attraction on the surface of the Poincaré sphere.
The general observation that the spreading of the SOPs
⃗
SL
on the line of polarization attraction decreases as the
fiber length L increases, constitutes a key property of the system. The efficiency of the attraction process can be defined in
a mathematical way as follows. We introduce a measure of the
distance d to the line of attraction in the energy–momentum
diagram:
dL 


rX
H i − H s 2 ;

(12)

i

where the index i runs over all the initial SOPs of the signal
beam. H i and K i are the values of the constants of the motion
H and K of the corresponding stationary state and H s is the
energy of the point on the attraction line of abscissa K i . We
have performed a systematic numerical study of the attraction
⃗
process for different pump SOPs Jz
 L, and for different
fiber lengths L, as illustrated in Fig. 4. The study reveals that
the distance d rapidly tends to 0 as L increases. It is interesting
to note that the value of the distance to the singular line
reaches a remarkably small value for L ≃ 10.
The robustness of the repolarization process is also intimately related to the stability property of the stationary states
on the line of polarization attraction. In fact, the stationary

states on the singular line, which play the role of attractors,
are only those states that are stable with respect to small
spatio-temporal perturbations. The numerical simulations of
Eq. (3) reveal that, by increasing L, the number of stable stationary states tends to decrease. More specifically, we observe
that the stationary states on the singular line of the energy–
momentum diagram become unstable above a certain threshold length Lc , which leads to the reduction of the stable part of
the singular line of polarization attraction. This explains the
⃗
concentration of the signal SOPs SL
on the line of polarization attraction.
Furthermore, the simulations show that nearly half of the
closed line of polarization attraction is unstable for any value
⃗
of L. This is why the signal SOPs SL
are always attracted
toward the other half of the singular line, as clearly illustrated
in Fig. 2. A similar feature was reported in [36], in which a
general rule concerning the stability property of the stationary
states was conjectured: a stationary state is stable if it exhibits
a nonoscillatory evolution along the fiber coordinate z,
whereas it is unstable when it exhibits an oscillatory behavior.
In this respect, we remark that the problem of the stability
analysis of the stationary states of this counter-propagating
problem constitutes a difficult issue, which has been only addressed recently in the literature [38]. The above conjecture is
remarkably well confirmed by the numerical simulations, as
illustrated in Fig. 5, where the spatial dynamics of three different stationary states S⃗ j  j  fa; b; cg belonging to the singular
line of polarization attraction are represented for increasing
values of the fiber length, L  5; 8, and 20. For the sake of
clarity, only the S 2 z-component is reported in Fig. 5.
However, analogous results are obtained for the two other
components of the Stokes vector, i.e., S 1 z and S 3 z. The
simulations show that the state S⃗ a in Fig. 5 is stable for the
three different values of L, a feature which is consistent with
the stability conjecture, since its spatial profile does not
exhibit oscillations. In opposition, the state S⃗ c is always unstable due to its inherent oscillatory behavior. Finally, the stationary state S⃗ b is stable for L  5 and L  8, consistently
with its nonoscillatory behavior; however, it becomes oscillatory and thus unstable for L  20.

1

d(L) / d(0)

0.8
0.6
0.4
0.2
0

Fig. 3. Energy–momentum diagrams, H versus K, and signal SOPs
corresponding to the configurations of Fig. 2. The red points represent
the positions of the final SOPs in the H; K-diagram, the panels
(a)–(d) are related to the same panels of Fig. 2. Panel (a) displays
the initial condition and thus the distribution of point spreads all over
the diagram. In panels (b)–(d), we observe an increasing attraction
toward the parabolic line of equation H  4 − 7∕2K 2 . A zoom has
been used in the panels (b)–(d).

0

2

4

6

8

10

L
Fig. 4. Evolution of the distance d, defined in Eq. (12) as a func⃗
tionpof the
p fiber
p length L for the input pump SOPs JL 
⃗
1∕ 3; 1∕ 3; 1∕ 3 (solid line) and JL
 1; 0; 0 (dashed line).
The distance is normalized with respect to its value for L  0 to improve the visualization of the convergence toward the singular line of
attraction.
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Fig. 5. (a) Three particular stationary states on the line of polarization attraction corresponding to the simulations of Figs. 1 and 2, and
corresponding spatial evolutions for (b) L  5, (c) L  8, and
(d) L  20 For the sake of clarity, only the S 2 -component has been
reported. In panel (a): S⃗ a  −0.80; −0.58; −0.41 [gray dot in (a), gray
lines in (b)–(d)], S⃗ b  −0.25; −0.79; −0.63 [red dot in (a), red lines in
(b)–(d)], and S⃗ c  0.25; −0.90; 0.31 [black dot in (a), black lines in
(b)–(d)].

⃗
B. Case JL
 1;0;0
In the following, we consider particular examples of pump
⃗
SOPs injected at the fiber output JL,
which lead to different
interesting characteristic properties of polarization attraction.
We first consider the example where the input pump is lin⃗
early polarized at 45°; that is, JL
 1; 0; 0. In this case,
we deduce from Eqs. (4) and (5) that H  −4S 1 L − S 2 L2
and H  4 − 7∕2S 2 L2 . Hence, the singular line of polarization attraction is characterized by S 1 L  −1  5∕8S 22 L.
The singular line of attraction exhibits an eight-shaped figure
along the S 2 axis, as illustrated in Fig. 6. The numerical simulations confirm the phenomenon of polarization attraction
toward this singular line (see Fig. 6). Note that we have
checked that the double loop structure of the singular line
does not play any particular role in the repolarization process.
⃗
As discussed above, the spreading of the signal SOPs SL
on
the line of polarization attraction is considerably reduced
when the fiber length L increases. Accordingly, for very long
fiber lengths, the simulations reveal the existence of a strong
polarization attraction toward S 1 L → −1, i.e., a strong attraction toward the linearly polarized state at −45°. This is illustrated in Fig. 6(c) for L  20, which shows that all initial signal
⃗
SOPs are attracted very closely to the state SL
 −1; 0; 0.
On the basis of symmetry arguments, it can be shown that an
⃗
input pump linearly polarized at −45° (JL
 −1; 0; 0) entails a polarization attraction of the signal beam to the linearly
polarized state at 45°, a property confirmed by the numerical simulations.
⃗
C. Case JL
 0;0;  1
An analysis similar to that conducted above can be performed
when the input pump beam is either left- or right-hand circu⃗
larly polarized; that is, JL
 0; 0; 1. In this case, we have
2
H  4S 3 L − S 2 L and H  4 − 7∕2S 2 L2 , which leads
⃗
to the relation S 3 L  1 − 5∕8S 22 L for JL
 0; 0; 1,
which is similar to that discussed above and, thus, it
again leads to an eight-shaped line of attraction on the
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Fig. 6. Numerical simulations of the spatio-temporal Eq. (3) analogous to those reported in Figs. 2 and 3, except that the pump SOP
⃗
is now JL
 1; 0; 0 [green dot in panels (a), (c)]. The initial condition of the signal SOPs is the same as in Fig. 2(a). (a), (b) and
⃗
(c), (d) report the output signal SOPs SL
and the corresponding positions on the energy–momentum diagram for two different normalized fiber lengths [L  5 (a), (b) and L  20 (c), (d)]. The blue line
in panels (a), (c) represents the line of singular polarization states
on the Poincaré sphere. Note that, for L  20, we observe a stronger
attraction toward the singular attraction line.

Poincaré sphere. We observe a concentration of the signal
SOPs on the singular line of polarization attraction as L increases. However, because the eight-shaped line of attraction
is rotated with respect to that considered in Section 4.B,
here, all signal SOPs exhibit a polarization attraction toward
the same left- or right-handed circularly SOP than the
pump beam.
⃗
D. Case JL
 0;  1;0
We finally discuss the more complicated case in which the injected pump beam is linearly polarized along the x- (or y) axis
⃗
JL
 0; 1; 0. The singular line in the energy–momentum
diagram is still characterized by Eqs. (4) and (5), which
gives K  S 2 L  1 and H  ∓8S 2 L − S 2 L2 − 1. The corresponding singular line of polarization attraction on the
Poincaré sphere turns out to be union of a circle of equation
S 2  −0.6 and the point S 2  1. We thus expect polarization
attraction of the signal beam toward these specific SOPs. In
particular, the output S 2 L  1 can easily be generated with
⃗
⃗
the boundary conditions S0
 JL
 0; 1; 0. This stationary solution appears to be highly unstable when a small perturbation is added, so that it does not play any attractor role
for the signal beam. The numerical simulations then reveal an
efficient attraction of the signal SOPs toward the circle
S 2 L  −0.6, as expected from the theory [see Fig. 7(a)]. Note
however, that, even for L sufficiently large, and with most of
⃗
the output SOPs SL
located close to the circle S 2  −0.6,
there exist several SOPs that are attracted toward the SOP
S 2  −1 [cyan dots in Fig. 7(a)]. This state of polarization
is mapped to the singular line that delimits the energy–
momentum diagram [cyan line in Fig. 7(b)]. We can conclude
that this singular line also plays a role of attractor for the
polarization dynamics. This is interesting in that the singular
states on the boundaries of the energy–momentum diagram
do not belong to the family of two-dimensional singular tori
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Fig. 7. Numerical simulation of the spatio-temporal Eq. (3) analogous to that reported in Figs. 2 and 3, except that the pump SOPs
⃗
is now JL
 0; 1; 0 [green dot in (a)]. The initial condition is the
same as in Fig. 2(a). The fiber length is fixed to L  30. In panel
(a), the singular line is a blue circle of the equation S 2  −0.6. The
black and red dots on the Poincaré sphere and the corresponding
red dots in the energy–momentum diagram refer to the signal SOPs
⃗
at the fiber output SL.
In the energy–momentum diagram, the value
of K is close to 0.4. Note that some signal SOPs are attracted toward
the state S 2  −1 [red dots in Fig. 7(a)]. The SOP S 2  −1 is associated
to the singular line, which delimits the boundary of the energy–
momentum diagram, represented by a cyan line in panel (b). This singular line then also plays a role of attractor for the system [see red
open circles in panel (b)]. In the energy–momentum diagram, such
points are characterized by K ≃ 0.

(see Fig. 1). This polarization effect can be interpreted as
analogous with the phenomenon of self-polarization, recently
identified in [29,30], in which the attraction process is due to
the presence of a singular state whose topological properties
do not allow to classify it as a singular torus. We finally note
that, when the pump is linearly polarized along the y axis
⃗
(JL
 0; −1; 0), basic symmetry arguments lead to a similar phenomenology: for L sufficiently large, most of the output
⃗
signal SOPs SL
are located close to S 2  0.6, the other ones
being attracted by the singular line on the right boundary of
the energy–momentum diagram, and are close to S 2  1 on
the Poincaré sphere.
E. Case S0 ≠ J0
As discussed above in Section 3, the geometrical analysis
of the stationary states can be extended when the counterpropagating beams have different powers. This point is illustrated in Fig. 8. The numerical results show that the line of
polarization attraction persists in the presence of unbalanced
powers, though the length of the singular line in the energy–
momentum diagram decreases as the power ratio R 
jS 0 − J 0 j∕J 0 increases, and finally disappears for R > 2. This
means that, if R > 2, then the system no longer exhibits (nontrivial) stationary solutions associated to singular states in the
energy–momentum diagram. Accordingly, the phenomenon of
polarization attraction is expected to disappear when R > 2, a
property confirmed by the numerical simulations of the
spatio-temporal Eq. (3). This provides supplementary evidence that the phenomenon of polarization attraction seems
to be inherently associated to the existence of singular stationary states in the system.
The numerical simulations also show that the efficiency of
the process of polarization attraction tends to decrease as the
ratio R in power increases. More specifically, the simulations
reveal a novel dynamical feature of the system for unbalanced
⃗
powers: some input signal SOPs S0
no longer relax to a stationary stable state as discussed above for S 0  J 0 , but
⃗
instead lead to an output signal St;
L that exhibits complex
temporal dynamics that can be either periodic, quasi-periodic,
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or chaotic. Note, in this respect, that the counter-propagating
four-wave interaction is known to exhibit a rich spatiotemporal dynamics, as discussed in pioneering works, e.g.,
[39–41]. Intensive numerical simulations of Eq. 3 have proved
that the occurrence of the nonstationary dynamics is related
⃗
⃗
to the relative position between S0
and JL
over the
Poincaré sphere, as well as to the power ratio R and the fiber
⃗
length L. For a fixed ratio R and length L, any SOPs S0
evolves toward a stationary state if R or L are sufficiently
small. Note also that nonstationary dynamics can appear
for R  0 if L ≫ 20.
The numerical results reported in Fig. 8 provide a clear
physical picture of the system dynamics described above.
They show that there exists a competition between the attrac⃗
tion process, which tends to align the signal SOPs SL
along
the singular line of polarization attraction (black dots in
Fig. 8), and the nonstationary dynamics, which tend to spread
the signal SOPs all over the sphere (gray dots in Fig. 8). In this
example, the powers are taken to be S 0  1.5, J 0  1.0
⃗
(R  0.5), the pump SOP JL
 1; 0; 0, and the fiber lengths
have been fixed to L  5 and L  20. The signal SOPs are
represented for the specific time t  900.
As already discussed, for R ≠ 0, the position of the singular
line of polarization attraction cannot be determined analytically, but only numerically. The study reveals that this singular
line depends on the power ratio R, as illustrated in Fig. 8. Here
again, the numerical simulations confirm the theoretical predictions and reveal a strong attraction toward the singular
line in the energy–momentum diagram. This attraction increases for larger values of L. For R > 0, there exists some
intermediate values of the fiber length (of the order of L ≃ 10),
for which a compromise can be found between the two

Fig. 8. Numerical simulation of the spatio-temporal Eq. (3) analogous to that reported in Figs. 2 and 3, except that now the pump SOPs
⃗
JL
 1; 0; 0 and the powers are S 0  1.5, J 0  1.0. The initial
condition is the same as in Fig. 2(a). Two different fiber lengths have
been considered: L  5 (a), (b) and L  20 (c), (d). The pink lines in
(a) and (c) denote the singular line of polarization attraction. The
blue and the pink lines in the energy–momentum diagrams (b), (d)
represent the lines of singular states for the cases S 0  J 0  1 and
S 0  1.5; J 0  1.0, respectively. The black points in panels (a),
(c) depict signal SOPs associated with a stationary dynamics while
gray points are associated to nonstationary dynamics (plotted at time
t  900). In the energy–momentum diagrams (b) and (d), only the
stationary states have been plotted.
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competing mechanisms; namely, the attraction toward the singular line and the nonstationary dynamics, which tend to
spread the signal SOPs all over the Poincaré sphere.
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5. CONCLUSION

4.

We have shown that the phenomenon of polarization attraction in a highly birefringent fiber with counter-propagating
beams is characterized by a polarization of the signal SOPs
toward a specific singular line on the surface of the Poincaré
sphere. A detailed description of this attraction process has
been given through the geometrical analysis of the singularities of the corresponding stationary system. Although the
existence of a singular line of polarization attraction was already identified in the example of spun fibers [22,36], the
properties of the corresponding process were not analyzed
in detail in previous works. A numerical study of the stability
of the stationary solutions reveals a key property of the
attraction process: the spreading of signal SOPs on the line
of polarization attraction decreases in a substantial way as
the normalized fiber length increases. This property entails
the existence of novel forms of polarization attraction whose
properties depend on the injected pump SOP. More precisely,
we have shown that, (i) a pump linearly polarized at 45°
along the principal axes of the fiber entails a signal polarization to a linearly polarized state at ∓45°, (ii) a linearly polarized pump entails a signal attraction toward a specific circle
on the Poincaré sphere, and (iii) a right- or left-hand circularly
polarized pump plays the role of an attractor for the
unpolarized forward signal. Moreover, we have seen that
the singular line that delimits the energy–momentum diagram
can also play the role of attractor for a linearly polarized
injected pump.
A systematic study of the system has also been performed
for different powers of the counter-propagating beams. It
reveals that the attraction process persists in the presence
of unbalanced powers, although its efficiency is shown to decrease in a substantial way. We conclude by remarking that
the presence of relatively small propagation losses, in the
range ∼0.2–0.4 dB∕km, decreases the powers of the beams
without affecting the polarization process.
Besides the characterization of the phenomenon of polarization attraction, the theory discussed here can also be extended to study the stability properties of soliton solutions
in a medium of finite extension [31,42]. Work is in progress
to extend these preliminary works to more general soliton systems, such as gap solitons and three-wave interaction solitons.
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