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We report on the experimental observation of an intermodal
noise-seeded modulational instability process (MI) taking
place in the normal dispersion regime of a few-mode gradedindex optical fiber. Strong power dependence of the MI spectra is observed, with a peak gain modulation frequency that
scales as the square root of the injected light power. These
observations are in excellent agreement with the predictions
of a bimodal-MI model. © 2017 Optical Society of America
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four-wave mixing.
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In recent years, several experimental and theoretical studies
have been dedicated to optical pulse propagation in nonlinear,
passive or active multimode fibers. These works have led to the
observation of a series of exciting nonlinear spatiotemporal phenomena such as: multimode solitons [1–3], supercontinuum
generation [4–6], Kerr-induced spatial beam self-cleaning
[7–9], and geometric parametric instability [10]. Among these,
far detuned parametric frequency conversion processes ranging
from the visible to the near-infrared, based on intermodal (IM)
four-wave mixing (FWM) in few mode fibers (FMFs), were
reported [11–17]. When the two-pump photons are in the
same spatial mode, the resulting FWM process is degenerate
and leads to very large frequency shifts which essentially do
not depend on the pump power injected into the FMF. On
the other hand, when the two-pump photons propagate in different spatial modes, the associated nondegenerate parametric
process leads to smaller shifts, which can strongly depend on
the injected pump powers, especially in the case of a small
group-velocity mismatch (GVM) between the two spatial
modes [18]. This latter configuration typically corresponds
to the phenomenon of modulational instability (MI), which
may involve the mixing of up to six waves. IM-MI was previously observed in a standard step-index bimodal fiber, where
the condition of small GVM was satisfied only at a specific
0146-9592/17/173419-04 Journal © 2017 Optical Society of America

wavelength [18]. In Ref. [19], Guasoni proposed an extension
of the simple bimodal-MI system by introducing a general
theoretical model, taking into account the nonlinear interaction
between all modes of a step-index FMF, and analyzed in detail
for the case of a four-mode fiber.
In this Letter, we experimentally and theoretically investigate IM-MI in a graded-index (GRIN) FMF, specially designed
to support two modes at 1550 nm and four modes when
pumped at 1064 nm (LP01 , LP11 , LP02 , and LP21 ). The fiber
is characterized by a parabolic refractive index profile and exhibits strong normal dispersion at the pump wavelength.
Furthermore, we assume here that the fiber is ideally isotropic,
i.e., we do not take into account the degeneracy of LP11 and
LP21 modes. The conditions of light injection into the fiber
were chosen to individually excite different pairs of modes.
As we shall see, the bimodal-MI model permits reproduction
of all of our experimental results with very good accuracy.
The slowly varying field envelopes of the electric fields
E p z; t and E q z; t of two interacting modes with identical
carrier frequency ω are found to satisfy the following set of
coupled nonlinear Schrödinger equations (NLSEs):
∂E p δpq ∂E p i ∂2 E p
−
 β
iγf pp jE p j2 2f pq jE q j2 E p
∂z 2 ∂t 2 2p ∂t 2
iγf pq E 2q E p exp2iΔβz; (1a)
∂E q δpq ∂E q i
∂2 E q

 β2q 2  iγf qq jE q j2  2f pq jE p j2 E q
2
∂z
2 ∂t
∂t
 iγf pq E 2p E q exp−2iΔβz:
(1b)
In these equations, z is the propagation distance, t denotes
the local time coordinate in a reference frame moving at the
average group velocity of the two considered modes, γ 
n2 ωc is the nonlinear Kerr coefficient where c designates the
light velocity in a vacuum, and n2  2.6 × 10−20 m2 ∕W is
the nonlinear refractive index. Δβ  βq − βp is the propagation
constant mismatch, βni  ∂n βi ∕∂ωn is the nth derivative of
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the propagation constant (i  p, q). β1i is the inverse of the
group velocity, and β2i is the second-order dispersion coefficient. The group-velocity mismatch of the two modes is
δpq  β1q − β1p . Moreover, jE p j2  P and jE q j2  Q denote
the injected powers into modes p and q, respectively. The coefficients f pq of the NLSEs [Eq. (1)] are defined by
RR
jF p r; φj2 jF q r; φj2 rdrdφ
RR
RR
;
(2)
f pq 
jF p r; φj2 rdrdϕ jF q r; φj2 rdrdφ
where F i r; φ is the spatial mode profile of mode i (i  p, q):
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2   2
m!
r jl j
r
r
exp
− 2 Ljlmj 2 e il φ ; (3)
F l ;m r;φ
2r 0
r0
πmjl j! r jl0 j1
with Ljlmj the generalized Laguerre polynomial for the linearly
polarized LPl m mode, with l  0; 1; 2; … the angular number
and m  1; 2; 3; … the radial number. 1∕f pp and 1∕f qq are
the effective core areas of the two modes, whereas 1∕f pq is
the overlap area between the two interacting modes. For a multimode parabolic index fiber, the mode propagation constants
are given by
pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ

22m  l − 1 2Δ 1∕2 2π
2Δ
≅ no − g
;
βl m  ko no 1 −
k o no
λ
ro
ro
(4)
with g  2m  l − 1 the group number of the pump mode. r o is
the fiber core radius, Δ is the index difference between the center
and the cladding of the fiber, no is the maximum core index (at
the center), and ko  2π∕λ with λ the input wavelength. All the
above coefficients related to the fiber characteristics were calculated for an ideal circular GRIN parabolic fiber by the standard
procedures of linear waveguide theory (including Sellmeier relations for the contribution of material dispersion). These calculations were performed for the fiber used in the experiment on
the basis of the following parameters: no  1.464; r o  11 μm;
and Δ  0.0089 at the wavelength λ  1064 nm. Table 1 gives
the group numbers g of the four fiber modes at λ  1064 nm.
Let us note that the four modes considered in our study propagate with almost identical group velocities (GVM coefficients
jδpq j ≤ 40 fs∕m), and also have similar dispersion coefficients
(β2p ≅ β2q ≅ β2  18.7 ps2 ∕km). We emphasize here that
the coherent coupling terms in the right-hand sides of the
NLSEs [Eq. (1)] are responsible for a periodic exchange of energy
between the two modes under consideration, leading to a
beating length LB  2π∕jΔβj. For pairs of modes with group
number differencepδg,
ﬃﬃﬃﬃﬃﬃthe beat length can be approximated
as LB ≅ 2πr o ∕jδgj 2Δ.
For the fiber under study, the maximum beat length is obtained for jδgj  1 and corresponds to LB max ≅ 520 μm,
which appears as three orders of magnitude shorter than
the fiber length L considered throughout this work
(L ≥ 40 cm). Consequently, if δg ≠ 0 (nondegenerate modes)
Table 1. Group Number g of the Four Modes at 1064 nm
g

βg

Linearly Polarized Modes LPl m

1
2
3

β1
β2
β3

LP01
LP11
LP02 , LP21
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the net contributions of the coherent terms become negligible,
and Eq. (1) can be approximated by two incoherently coupled
NLSEs with zero GVM and constant dispersion:
∂E p i ∂2 E p
 β2 2  iγf pp jE p j2  2f pq jE q j2 E p ;
(5a)
∂z
∂t
2
∂E q i ∂2 E q
 β2 2  iγf qq jE q j2  2f pq jE p j2 E q :
∂z
∂t
2

(5b)

On the other hand, for pairs of modes with identical group
number (e.g., LP02 and LP21 ), Δβ ≅ 0 and the coherent coupling terms may no longer be neglected, so that the MI analysis
becomes quite complicated [20]. Throughout this study, we
will focus exclusively on pairs of modes with different group
number (δg ≠ 0). We will now study the conditions for which
MI can exist in the optical fiber. The usual method consists in
analyzing the stability of the stationary solutions of Eq. (5) in
the presence of small amplitude and phase perturbations u and
v of the type
pﬃﬃﬃ

Ep 
P  u expiγf pp P  2f pq Qz;
(6a)
Eq 

pﬃﬃﬃﬃ

Q  v expiγf qq Q  2f pq Pz;

(6b)

with
uz;tus zexpiΩt −K zua zexpi−Ωt K z; (7a)
vz;tv s zexpiΩt −K zv a zexpi−Ωt K z; (7b)
where Ω and K are the frequency and wavenumber of the perturbation, and where us and ua are the amplitudes of the Stokes
and anti-Stokes sidebands for the spatial mode p, respectively,
whereas vs and v a represent similar quantities for the spatial
mode q (p and q being one of the four modes in Table 1).
Substitution of Eqs. (6) and (7) into Eq. (5), followed by
linearizing in u and v leads to the eigenvalue equation
M Y   K Y , where the eigenvector is defined as
Y T  ua ; us ; v a ; v s , and [M ] is the stability matrix of the
system defined by
M 
2
pﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ 3
2
γf pp P
2γf pq PQ 2γf pq PQ
β2 Ω2 γf pp P
6
pﬃﬃﬃﬃﬃﬃﬃ 7
7
6 −γf P −β Ω2 −γf P −2γf pﬃﬃﬃﬃﬃﬃﬃ
PQ
−2γf
6
2 2
pp
pp
pq
pq PQ 7
7;
6
pﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
2
7
6
γf qq Q
7
6 2γf pq PQ 2γf pq PQ β2 Ω2 γf qq Q
5
4
pﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃ
2
Ω
−2γf pq PQ −2γf pq PQ
−γf qq Q −β2 2 −γf qq Q
from which we obtain the following dispersion relation:
detM  − K I  0:
(8)
The MI phenomenon occurs when the wave number K of
the perturbation possesses a nonzero imaginary part, and manifests itself by the exponential growth of the amplitude of the
perturbation. The efficiency of the MI process is quantified by
the power gain G, defined by GΩ  2jImK j, where K is
the eigenvalue of the matrix M  with the highest imaginary
part. The analysis of the dispersion relation [Eq. (8)] shows
that MI can only exist if the cross-phase modulation (XPM)
terms are larger than the self-phase modulation (SPM) terms,
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Table 2. Effective Core Areas, Overlap Areas, and MI
Condition Calculated at 1064 nm
p

LP01

LP01

LP01

q

LP11

LP02

LP21

LP02

LP21

1∕f pp (μm2 )
1∕f qq (μm2 )
1∕f pq (μm2 )
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f pp f qq ∕2f pq

60.2
120.4
120.4

60.2
120.4
120.4

60.2
160.5
240.8

120.4
120.4
240.8

120.4
160.5
160.5

0.707

0.707

1.225

1.000

0.577

LP11

LP11

Fig. 2. Calculated (Calc.) and measured (Exp.) output spatial profile
for different combinations of modes with identical power levels.

i.e.,
moreﬃ precisely, if the following condition is satisfied:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f pp f qq ∕2f pq < 1. Table 2 gives the effective core areas,
overlap areas, and MI condition calculated for the different
combinations of modes p and q (with δg ≠ 0) that can be excited at the pump wavelength λ  1064 nm. We note that,
among the five pairs of modes, only three of them may be unstable. Figure 1(a) shows the gain spectra calculated for identical power in each mode P  Q  35 kW for the three
unstable pairs of modes. The gain curves exhibit a zero cutoff frequency, similar to the case of pure scalar MI. This is
a consequence of the fact that the GVM parameter can be neglected for all pairs of modes considered in our study. We also
note that the two pairs of modes (LP01 , LP11 ) and (LP01 , LP02 )
have the same gain curves, which is explained by the fact that
their propagation is governed by Eq. (5) with the same nonlinear coefficients (see Table 2). In particular, these two mode
pairs have the same optimum (or peak gain) modulation
frequency. Finally, Table 2 shows that the two modes
(LP11 , LP02 ) have the same SPM coefficients, and that the ratio
between SPM and XPM is equal to unity, so that Eq. (5) is equivalent to the Manakov integrable system [21]. The sideband intensities can be obtained from an analysis of the eigenvectors of the
stability matrix. The corresponding Fig. 1(b) reveals the power
evolution of sideband intensities for the pair of modes (LP01 ,
LP02 ) for identical input pump powers (P  Q). Intensities
are normalized to the peak intensity of the four sidebands, e.g.,
jus j2  jus j2 ∕ maxjus j2 ; jua j2 ; jv s j2 ; jv a j2 . The inset shows a
zoom image for the lowest powers below 0.5 kW. We can see
from the inset that at sufficiently low power levels (a few tens
of Watts) MI mainly generates a Stokes (anti-Stokes) sideband
in the LP01 (LP02 ) spatial mode, thus forming a FWM process.

However, as the input power grows larger, both sidebands are
composed of a mix of the two spatial modes, so that the MI process involves a nonlinear interaction of six waves, and it can no
longer be interpreted as a FWM process. This property was already
emphasized in previous studies with other fiber systems [22,23].
To observe the IM-MI process, we used the experimental
setup described in detail in Ref. [17]. The pump laser was a
Q-switched microchip Nd:YAG laser delivering 400 ps pulses
at 1064 nm with a linear polarization. Light was coupled into
the fiber through a 10× microscope objective. By finely adjusting the injection conditions of light at the fiber input, we were
able to selectively excite the three pairs of unstable modes as
shown in Fig. 2. We can see a good agreement between the
observed spatial profiles and those calculated for identical
powers in each mode. Figure 3(a) shows MI spectra recorded
with the excitation of the pair of modes (LP01 , LP02 ), for input
peak powers ranging from 36.8 to 71.1 kW. The fiber length,
in this case, 0.4 m, was chosen to minimize the impact of
Raman scattering. As the power injected into the fiber increases, the MI sidebands become more intense, and are shifted
away from the central frequency of the pump. Beyond a certain
power level, harmonics appear in the spectrum. To acquire
spectra at lower pump powers, longer fiber lengths were used
from 0.4 to 20 m. Figure 3(b) shows examples of MI spectra
recorded for a 6.5 m fiber, for peak power ranging from 4.3 to
5.4 kW. Again, an increase in peak power leads to the generation of harmonics that coincide here with the Raman Stokes
0
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Fig. 1. (a) Theoretical gain spectra for identical powers in each mode,
for the three unstable pairs of modes. (b) Normalized Stokes and antiStokes sideband intensities versus input power, showing the spatial mode
distribution of sidebands in the case of the LP01 − LP02 interaction.
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Fig. 3. Experimental spectra recorded at different input total peak
powers in the case of the excitation of the pair of modes (LP01 , LP02 )
and for a fiber length of (a) 0.4 m and (b) 6.5 m.
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line, and seed the Raman scattering process, so that a lower
intensity anti-Stokes Raman line appears in the spectrum.
The intensities of Raman lines remain sufficiently small to
avoid significant nonlinear losses, and subsequent pump
depletion which could modify the MI dynamics. We repeated
the spectral measurements with total power levels up to
71.1 kW, under different fiber lengths and for different pairs
of modes. As already known from studies in different fiber systems [22], the peak MI is obtained when the input power is
equally distributed between the two wave components, i.e.,
the two spatial modes in our case. On the other hand, by calculating the MI gain curves for different values of the ratio P∕Q
but with constant total power P  Q (results not shown here),
we have checked that the optimal frequency does not depend
significantly on the power ratio P∕Q. For example, for the pair
of modes (LP01 , LP02 ) and for a total power P  Q  70 kW,
a variation of 10% of the P∕Q ratio results in a variation of the
optimal frequency of only 2.7%. This means that in practice,
by optimizing the conditions of light injection into the fiber
to maximize the intensity of the MI sidebands, we have an
accurate estimation of the optimal frequency for identical
powers in each mode. In accordance with the linear stability
analysis (LSA), we verified that the MI sidebands consist of
a mix of the two pump modes. Figure 4 shows a comparison
of measured peak sideband frequencies with their theoretical
predictions from LSA. Note that the solid curve is obtained
from LSA without any fitting parameter.
pﬃﬃﬃ These results show
that the optimal frequency scales as P , in excellent agreement
with the results of the LSA, thus clearly demonstrating the nonlinear nature of the IM-MI process. Moreover, the two pairs of
modes (LP01 , LP11 ) and (LP01 , LP02 ) have identical optimal
frequencies, in agreement with their identical gain curves.
Note that the number of measurement points for the pairs
of modes (LP01 , LP11 ) and (LP11 , LP21 ) was in practice strongly
limited, due to the experimental difficulty of injecting high
power levels into these particular modes. Also, note that similar
results were obtained by exciting the core center of a highly
multimode fiber at 1064 nm (detailed results not shown here).
For example, the excitation of the mode pair (LP01 , LP02 ), with
a 42-kW total power in a multimode GRIN fiber with a core
diameter of 62.5 μm, led to the observation of MI sidebands
with a frequency shift of 5.5 THz, in perfect agreement with
the LSA results (5.49 THz).
In conclusion, we report on the experimental observation of
intermodal MI in a normally dispersive GRIN few-mode fiber
pumped at 1064 nm. The MI spectra exhibit strong power
dependence, with an optimal frequency which scales as the
square root of injected power, in excellent agreement with a
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Fig. 4. Power dependence of the optimal frequency. Experimental
measurements (dots) are compared with LSA results (lines).
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bimodal-MI model. Given the small group velocity mismatch
between modes, this study could easily be extended to other
pump wavelengths. From an application perspective, our observations open a new route for generation of high-repetition
rate vector soliton trains.
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